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» Developed a theory of production, and figured out what it means for aggregate prices

» Moved on to the demand side of the economy, and figured out the determinants of the

optimal capital stock
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» We showed that (in the Cobb-Douglas case) our investment function depends on three
factors: I(r, Y¢, K)

Where we’re going
> Now we move on to the other side of aggregate demand: consumption
> We will analyze the determinants of household consumption behavior
» What motivates a household to save for the future

» How do their choices depend on macroeconomic conditions?
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The user side of GDP

Remember from Week 1:

Y=C+I1+5+F 1+ X -

In our simplified model, we are removing (for now):
> Rest of the world

» Government

Thus, in our simplified model, aggregate demand is the sum of
» Private consumption (made by households)

> Private investment (made by firms)
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Figure: User side of GDP for the U.S. Source: Jones (2020)
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Consumption

» Two reasons why so much time is spent on studying consumption:
» Consumption is the largest component of aggregate demand

» It is by consumption welfare is created

» To model consumption involves modelling choices:
» Consumption of good x or good y
» Consumption of a bundle of goods or consumption of leisure

» Consumption of goods today or consumption of goods later

» We will focus on the choice between consumption today or consumption later: the
intertemporal choice.
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» How much does a two-period consumer consume in each period?
> We need to figure out:
1. what the consumer can afford

2. what the consumer wants to do, given what she can afford
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» Lives for two periods: period 1 and 2
> Receives real labor income in both periods: Y and Y¢
» Is born without assets
» Derives utility from the discounted value of consumption

More on this later
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The two-period problem we are going to solve

» How much does a two-period consumer consume in each period?

> We need to figure out:
1. what the consumer can afford

2. what the consumer wants to do, given what she can afford

> Let us carefully specify the problem. We assume that the consumer:
» Lives for two periods: period 1 and 2
> Receives real labor income in both periods: Y and Y¢
» Is born without assets
» Derives utility from the discounted value of consumption
More on this later

» Does not get any happiness from having money once she is dead (no utility from bequest)

» The first thing to do is figure out the budget constraint
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Budget Constraint

Let’s work out household balance sheet values for each period:

Period 1 Nominal Income: PyY¢
Nominal consumption: P, C,
Savings: X, = P Y — PG
Period 2 Cash in period: P, Yf +(1+ )X
Consumption: P,Cy = PYE + (14 )X,

=PYi+(1+D)(PY - PC)

P
=—> Real Consumption: G=Y,+ 31(1 +i)(Y] = Cy)
2

Y+ (14 (Y- C)

Note that the last line follows since %(] +i) = /,FI", = — g4
2 2/ P 1+
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Moving closer to a budget constraint

> Now we have (in real period 2 value):

=Y +(+r)(Yf-C)

> Let’s collect consumption on the left and income on the right:

(14+1)C+Co=(1+r)Y+ Y

> And if we divide by (14 r) to get an expression denominated in today’s real value

1 1
CG+—C = Yiq—V
1+r 1+r
—_————
Present value of consumption Present value of income

This is the life-time budget constraint!

» Your lifetime income determines consumption possibilities
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The budget line

» The C; intercept:

Yf
Y@ 2
]+1+r

what if we use all our resources to consume Cy, and

thus set C; to zero

» The C, intercept:
A+n0)Y{+Y,

what if we use all our resources to consume C,, and

thus set Cy to zero

» The slope of the budget line:
—(1+7r)

if | increase current consumption by one unit | lose

out on —(1+ r) units in the next period

CoA
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The two-period problem we are going to solve

How much does a consumer who lives for two periods consume in each period?

We need to figure out:
V" what the consumer can afford

2. what the consumer wants to do, given what she can afford
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> u(-) we often call per-period utility function, or instantaneous utility function
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Utility function

> What the consumer wants to do depends on her utility function.

1
T+p

UG, G) = u(Gy) + u(Gy)

> Life-time utility is the sum of current utility plus discounted utility from future consumption
> u(-) we often call per-period utility function, or instantaneous utility function

> Assumptions we make about u(-):
> More consumption gives more utility: 2% = u'(C) > 0

> Marginal utility is decreasing; gzc’; =d'(C) <0

» = The consumer wants to smooth consumption over time



The per-period utility function
U(Cc) A
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U(Gy, Gy) = log Cy + log C,

» Does the utility function satisfy the assumptions we made? Let us check!
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» Does the utility function satisfy the assumptions we made? Let us check!

du 1
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» We have 200 units in total to consume. Which choice is better?
Alternative 1: C; = 100, C, = 100
U = log 100 + log 100 = 4.61 + 4.61 = 9.22
Alternative 2: C; = 150, C, = 50
U = log 150 + log 50 = 5.01 + 3.91 = 8.92



Utility example
» Assume that u(c) = log(c) and p =0
U(Cy, Cy) = log Cy + log G,
» Does the utility function satisfy the assumptions we made? Let us check!

0 1
U (c) = a—u =->0 OK!
c <
0%u 1
Mo)=22 =~ <o OK!
u’(c) 92 = <

» We have 200 units in total to consume. Which choice is better?
Alternative 1: C; = 100, C, = 100
U = log 100 + log 100 = 4.61 + 4.61 = 9.22
Alternative 2: C; = 150, C, = 50
U = log 150 + log 50 = 5.01 + 3.91 = 8.92

> — It’s better to smooth consumption
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U(G, G) = u(G) +

log C,
p
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The subjective discount rate p

1
U(Cy,GC) =log C log C
(G, G) 0g1+1+p0g2
1
U(C]7 CZ) = U(C]) + 1 + pu(Cz)

What is p?
» The subjective discount rate p tells us how much the consumer values the future
> It is not an observable market rate but a parameter which describes preferences
> Large p means that the consumer is impatient and cares little about the future

> We expect p > 0: the consumer values consumption today higher than consumption in the
future
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Solving the consumer problem
> Now we know enough to write down the consumer’s problem:

1
maxXx U(C]) + 1 U(CZ)

Ci,G +p

1
CG=Y+—Y!
r g ! 1—&-r2

1
s.t. Gy +
1 1 +
> Let’s write down the Lagrangian:

L =u(C)+

U(CZ) - A C-[ +
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Solving the consumer problem
> Now we know enough to write down the consumer’s problem:

max u(Cy) +

1,2

:
p”(CZ)

s.t. C]

1
4 94
2=Vt b

> Let’s write down the Lagrangian:

1
ﬁ:u(C1)+ U(C2)>\|:C1+WC2Y1€

T+p

» Now we can take first order conditions:

[C1] u'(Cr) =X
1
€] T+p v(G) =X < +r)
A(C) Tt
.

U/(Cz) 1 +,0

7)/2[

1+r



Solving the consumer problem
> Now we know enough to write down the consumer’s problem:

max u(Cy) +

1,2

:
p”(CZ)

s.t. C]

1
¢ ¢
=Y, + T Y,
> Let’s write down the Lagrangian:

L=u(C)+

1 1
pu(cz) - A [CT + mcz - Yf

» Now we can take first order conditions:

c] d(C) = A

€ e =2 ()

. '(c1) 14r
uv(G) 1+p

—Y
14+r 2

» This is called the Euler Equation. Consumers equalize marginal utility in all periods
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Visual intuition

» We have our Euler Equation:

W) T4r
U/(Cz) - 1+p

» Slope of the indifference curve:

/
MRS:*MUG _ U(C])

CoA

(1+7)Y1 + Yaq

MU, | _1_
1+p
-0+ 57)

» Slope of the budget line:
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Visual intuition

» We have our Euler Equation:

J(C) T4 C2A
U/(Cz) - 1 —+ p

» Slope of the indifference curve:

(1+7)Y + Y
MU '(C
MRS = 7MUC1 S 1”( )
“ u'(G)
1+p

-0+ )]

» Slope of the budget line:

Y,

—(1+7r)




What role does the point E play?

E is the endowment point.

This is the amount the consumer gets (in
each period), and that she can always
choose to consume, without “trading”
(without saving or borrowing), so it is not
affected by the interest rate r.

» Saver: if the chosen consumption
point is to the left of £

» Borrower: if the chosen consumption
point is to the right of £

CoA

I+r)Y1+Ys




What role does r play?

> r affects the slope of the budget

constraint (slope: —(1+ r))

An increase in r makes the budget line
steeper (more negative)

A decrease in r makes the budget line
flatter (less negative)

However: the consumer can always
choose to consume at E. This is why
the budget constraint “rotates” around
this point.

The endowment point is always a
possible consumption bundle.

CaoA

(1+4+7r)Y,+Y,




What happens if the interest rate r increases?

» There has been a change in the CZA
relative price of consumption today vs. A
tomorrow.
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C,, since C; is cheaper

» This is the substitution effect. Effect
is unambiguous




What happens if the interest rate r increases?

» There has been a change in the CZ‘
relative price of consumption today vs. A
tomorrow.

» C; has become relatively more (141 4%

expensive compared to C,.

» Make sense to swap some C; for some
C,, since C; is cheaper

» This is the substitution effect. Effect
is unambiguous

» However, the income effect is o
ambiguous: it depends on whether the »
consumer is a net borrower or net Cl

saver



What happens if the interest rate r increases?

» What is the effect of an increase in the CQA
real interest rate when the consumer
is a saver?
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What happens if the interest rate r increases?

» What is the effect of an increase in the C2A
real interest rate when the consumer |
is a saver?

» Substitution effect: C; has become
more expensive relative to C,. (L+m)Y1+ 7Y,
Consumer wants less C; and more C,.

» Income effect: Because the consumer
is a saver a higher interest rate
increases their income. Consumer
wants more C; and more C,.
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What happens if the interest rate r increases?

» What is the effect of an increase in the
real interest rate when the consumer
is a borrower?
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What happens if the interest rate r increases?

» What is the effect of an increase in the
real interest rate when the consumer
is a borrower?

» Substitution effect: C; has become
more expensive relative to C,.
Consumer wants less C; and more C,.
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What happens if the interest rate r

» What is the effect of an increase in the
real interest rate when the consumer
is a borrower?

» Substitution effect: C; has become
more expensive relative to C,.
Consumer wants less C; and more C,.

» Income effect: Because the consumer
is a borrower a higher interest rate
decreases their income. Consumer
wants less C; and C,.

Effect | ¢ | G
Substitution effect 1 T
Income effect 1 1
Net effect ‘ 1 ‘ ?

increases”?

CaoA

1+7rY1+Ys

Yo

Y,

Yi+

Yo
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Consumption today or tomorrow? The role of p

What is the relationship between C; and C,? Use the Euler Equation!

_1+r,

u'(Cy) = pu (G)

> p > r: We are extremely impatient.

This means that v'(C;) < u(C,), which is only true if C; > G,

> p < r: We get a great interest rate if we save, and we are not very impatient.

This means that v'(C;) > u/(C,), which is only true if C; < G,

» p = r: We are just enough impatient so that it cancels out against the interest rate.

This means that v'(C;) = '(G;), which is only true if C; = G,



Summary

We have now worked through a 2-period model.

In this small model, consumption in the first period depends on the following objects which can
be thought of as exogenous (to the individual consumer):

Y; Income in period 1: The more income in period one, the more we consume (+)
Y, Income in period 2: The more income in period two, the more we consume (+)

r The interest rate: the effect of an interest rate increase depends on if we are savers (then
ambiguous effect) or borrowers (then negative effect) (+/-)

It also (of course) depends on p and the functional form of u(-), but those we take as given.
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» Having considered a consumer who lives for only two periods, let us consider a more
“realistic” case: a consumer who lives forever.

Technically there’s an intermediate case (overlapping generations with finite horizons). You’ll learn about this in

future courses, but it adds a lot of complication without changing the key story too much.
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Infinite horizon

» Having considered a consumer who lives for only two periods, let us consider a more
“realistic” case: a consumer who lives forever.

Technically there’s an intermediate case (overlapping generations with finite horizons). You’ll learn about this in

future courses, but it adds a lot of complication without changing the key story too much.

» What is the lifetime utility for this consumer?

u(Ci11) u(Cry2) u(Cry3)
T+p  (1+p)? (+p)

_ - UCt+S
_Z(

s=0

Ut

u(Cy) +

Set t = 1if you want to be less general!

> Note: The discounting is applied in the same way that we applied the interest rate before!
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> In our 2-period model the lifetime budget constraint looked like:
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> In our 2-period model the lifetime budget constraint looked like:
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Our lifetime budget constraint
> In our 2-period model the lifetime budget constraint looked like:

Lo =vie Loy
T+r 2 VT agr?

present value of consumption present value of income

G+

» Now, with infinite number of periods, it looks like:

1 1 1 1
Ci+ G+ Ci+...=Yl+ Yy + Y.
Ctn (1+n)(+n) Li4n? (4n)(4n)
present value of consumption present value of income

» We can write this out with summation notation as well

() [ ()

t=1 Ls=1 t=1 Ls=1

4

This starts to get very ugly very fast
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The per-period budget constraint

» It turns out to be much easier (and equivalent) to work with the period-by-period budget
constraint

» Think about a consumer in time t:

» They have some amount of money in the bank (X;) (that they deposited last period) on which
they even got some interest rate (i¢—1)

> They earn some money from working (P, Y{)
» They consume something (P;C;)

» Whatever is left after these events, they puts back into their bank account
» Let X; be the “nominal stock of assets” that a consumer has at time ¢.
» The stock of assets changes according to the following equation:
Xep1 = PY{ = PCo+ (1+ ir1) Xe

X1
P

» Now define A1 as the real asset holdings brought into period ¢t + 1. Thus, Ay 1=
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> Let’s see what our expression looks like in real terms:
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The per-period budget constraint

> Let’s see what our expression looks like in real terms:

Xepn  PY{ PG N (1 + ir—1) X,

P P P P

» Remember: Agyq = Xpy1/Pr, 50 Xe = ArPrq

(14 de—1)APrs

Arpr = Yf i+ P Def of A;
t
1+ i
=Y - C+ wm Rearrange fraction
Pt/Pt—1
14 ,
=Y/ -C+ %At Since 1+ 7 := P/ P4
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The per-period budget constraint

> Let’s see what our expression looks like in real terms:

Xepn  PY{ PG N (1 + ir—1) X,

P P P P

» Remember: Agyq = Xpy1/Pr, 50 Xe = ArPrq

(14 de—1)APrs

Apr = Yte —C+ > Def of A;
t

(1 + it71) i

—yt _c, L VT, R fract

; + Pt/Pt_1 " earrange fraction

14— .

—vi—e s U S 4 mim ey

=Y~ Co+ (1+)A Def of r,

» This means we have an infinite sequence of budget constraints...

» It has to hold for every period t



The infinite horizon problem

» We’re now in a position to write down the formal maximization problem that the consumer

solves:
e’} 1 t—1
max o u(Cy)
Core ; (1 + p) (1)
s.t. At+1 = Ytz — Cl’ + (1 + rt)At for all t
» Challenge: this is an infinite dimensional problem. We need to choose C; and A, forall t = 1,2,3, ...

You’re going to learn how to properly handle problems like this next year.

> |n practice, we just have to write out the Lagrangian (appropriately defined) and take first
order conditions like before. If you want to learn more about this, come see me in office hours

» When we do that, we can show that optimality requires an Euler equation that looks
exactly like the two period case:

1+rt/
u(C forallt =1,2,3,... 2
() @

u'(C) =
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Infinite model

> To continue to make some progress, we will make three assumptions:
1. The income each period is constant (Y{ = Y* for all t)
2. The interest rate is constant (r; = r for all t)

3. 1+r=1+p

» The last assumption in practice means that the consumer will want to have the same
consumption every period!

» Why? Look at the Euler Equation

u(C)  1+r
u(Crpr)  1+p

=1 = U/(Ct) = U/(Ct_H) — Ct = Cf-H

» Claim: The only solution to the consumer’s problem requires that assets are constant:

At:At+1:"':At+i:A



Constant (sustainable) level of consumption
> To verify the claim that we need A; = A for all t, start from the per-period budget constraint:

A1 =Y = C+ (14 A

> rewrite it as an expression of (constant) consumption:
C=Y'4(14nA — A
= Ye + I’At — (At+1 — At)

» To hold consumption constant, there are two options:
1L A=Anm=""=A4i=A
2. rAr = A1 — Ar

> If 2 holds, then assets/debts will be growing without bound over time. It can’t make sense to
have assets go off to infinity (why would you keep constant consumption with infinite
assets?), so this can’t be the case.

Note: This is called a transversality condition, but you’ll learn more about this next year

» Therefore, we must have constant assets



Constant (sustainable) level of consumption

C=Y'+rA

In every period, we consume:
» Qur income (which is constant)

> The interest payment for our assets (which are constant)

Our consumption is constant!

Note that our assets can be positive or negative...



Other solutions (depending on p)
Note that this sustainable level of consumption is the optimal choice for a consumer who has a
subjective discount rate which is equal to the market interest rate (p = r).

A more impatient consumer (p > r) will consume more than this, assets will decrease over time,
consumption will decrease, and they will become poor.

Conversely, a patient consumer who has a value of p which is lower than the market interest rate
(p < r) will consume less than her sustainable level and will accumulate assets.

We keep the assumption that p = r for now!



Summing up the inifinite horizon case

We can conceptually write our consumption function in the infinite-horizon model as:

C=C(Y,Ar)

Consumption is a function of
Y? The constant labour income: The higher the income, the more we consume (+)
A The asset level: The more assets, the more we consume (+)

r The interest rate: the effect of an interest rate increase depends on if we are savers (then
positive effect) or borrowers (then negative effect) (+/-)
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What is a consumption function? And what is its role?

» A consumption function expresses consumption expenditures as a function of objects which
can be thought of as exogenous (to individual consumers).

» The purpose of a consumption function is to:
1. summarise concisely which factors cause current C to vary

2. provide a simple tool to model consumption in general eq.

> We need something more realistic than our two-period model, but the mathematical
complications make the infinite horizon model too hard to work with

We had to make some very unpalatable assumptions to make progress, although next year you’ll see how to avoid

that

> For now, we’ll take a somewhat stylized approach, mixing together the 2-period and the
infinite horizon model



“Our” consumption function

The consumption function that we will use combines insights from our two-period case and the
infinite-horizon case:

C=C(Y, Y% r A
Consumption depends on:
Y Income today (+)
Y“¢ Expected future permanent labour income (+)
r The interest rate (+/-)

A Assets (+)

But how important are these different factors? Useful to analyse a specific consumption
function.



A specific consumption function

We will now derive a very specific consumption function.
Also derived in the appendix of Chapter 4

We will first make some simplifying assumptions
» From period t + 1 onwards, labor income is constant: yte
» From period t + 1 onwards, the real interest rate is constant: 7

» This constant real interest rate is equal to the subjective discount rate: (1+ p) = (14 7F)

This means that from period t + 1 onwards, we will be at our constant, sustainable, consumption
level:
0, _
Cev1 = Y5 + TAu (3



Budget constraint

» But what about this period, period t?

» From the infinite-horizon model of consumption we know that the per-period budget
constraint for the consumer is

A1 =Y — G+ (14 n)A (4)

» Let us define a new variable now which combines both labor income and asset income into
one single variable that we (due to lack of imagination) call income

Yl’ = YI’[ + rtAt

» Thus, we can write the per-period budget constraint as:

Apr =Y+ A - G



Budget constraint

This means that assets in t + 1 will be
At+1 =Y+ A -G

So this is how much we will save for next period, time t + 1.

What will happen then? If labor income is expected to be constant in t + 1 it means that
consumption from next period onwards is expected to be on the sustainable constant level

le | -
Cipr = Y5 +TAG
Using this and substituting into the first equation:

Coar = Y5+ (Ve + A — C)



Utility
How do we make sure that the consumer is maximizing her utility? Use the Euler equation!
Remember:
_ 1+,

"(C,) = C
U(t) 1+p U(t+1)

In this case, we assume log utility, and then it is very simple:

1
U(Ct) = |Og C[ = ul(Ct) = a

Our Euler equation becomes: Tt 1

G T+p Cep

which we can rewrite as: Covr — 14 ri4q c,

t+1 — 1+P



Finding the consumption function

The budget constraint gives us:

Ci1 = Y5+ (Y + A — C)



Finding the consumption function

The budget constraint gives us:
Ct+1 == f_;_e-[ + F( Yt + At - Ct)
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Finding the consumption function

The budget constraint gives us:
Ct+1 == te_;_e-[ + F( Yt + At - Ct)

Utility maximization gives us:

Let’s combine them and solve for C;!

T4 repq
1+p

Cr=Y+7(Yi+ A —C)



Finding the consumption function

1+ req

le —
1+p Ct: Yt+]+r(Yt+At_C[)
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Finding the consumption function

1—|—rt+1
T1+p

Remove C; from the brackets on the right hand side ...

Ct == Yf::] +?(Yt + At - Ct)

1+ 144
1+p

C= Y +7(Y + A) - TG

...and then bring it to the left hand side ...

1+ regq

_ le | -
]+p Ct+rC[: Yt+1+r(Yt+A[)

...and then factor it out:

T+ le | -
() = v e )

Y5 7Y+ Ar)

1+rt4q =
( E r)

Ct:



Finding the consumption function

YSS + (Y + A

Cr = +
( Ty +r>
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Finding the consumption function

YSS + (Y + A

Ct - 1
+ret -
( 1 p1 )

So, what has this bought us?

We have created a specific version of a consumption function:
C=cC(Y,Y" r A)

...that helps us understand how consumption is determined, also quantitatively!



Comparative statics of the consumption function

Y5+ 7Y+ A) YIS T+ A
(1+"t+1 + ) (1+7)

1+

Ct:

How does the consumption depend on:

1. Y;, current income:
0C; T _
— = T
Yy 14T

A unit increase in current income raises consumption by a fraction ¥ — because consumers
prefer to spread the consumption benefit over time.



Comparative statics of the consumption function

Y5+ 7Y+ A) YIS T+ A
(1+"t+1 + ) (1+7)

1+

Ct:

How does the consumption depend on:

2. Ay, assets (current wealth):
act T

0A;  1+T
A unit increase in current assets raises consumption by a fraction 7 — because consumers
prefer to spread the consumption benefit over time.

~T



Comparative statics of the consumption function

YOS HF(Y + A) YTV + A

C = ~
! (1+"t+1 + ) (1+7)

1+

How does the consumption depend on:

3. ijre], expected permanent labour income:

oG 1
oV 1T

The effect of an increase in permanent income is close to one.



Comparative statics of the consumption function

Y5+ 7Y+ A) YIS T+ A

o =) 1+7
Cﬁﬁ+0 (1+7)

Ct:

How does the consumption depend on:

4. reyq, the real interest rate we expect next period:

ac, YES + R (Y + A) o
- 2
Ori1 (11; +7> (14 p)

Raising the interest rate today tends to make you more likely to save for the future



Summary

» The consumption function expresses consumption expenditures as a function of objects
which can be thought of as exogenous (to the individual consumer)

» The purpose of using a consumption function is to:
1. Summarise concisely which factors cause current C to vary
2. Provide a simple tool to model consumption in general eq.

» We will work with a consumption function of the form

C=C(Y, Y%, r A

» Much of the intuition to understand the consumption function and what it depends on is
gained from our 2-period example and our simplified infinite horizon example
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