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Firms produce output by combining inputs (factors of production)
I Variable Factors: inputs for production which can be scaled up and down

I Labor Examples: Hours worked, human capital

I Capital Examples: Machines, buildings, facilities used in production

I Intermediate Inputs Examples: Raw materials, industrial components, energy

Assumption: No intermediate inputs, since we’re interested in GDP (value added). All firms
produce the final goods

I Fixed Factors
I Inputs needed for production which cannot be produced easily

I Classic example is land

Assumption: No fixed factors, since the canonical fixed factor (land) is primarily important for
Agriculture (a small share of GDP in modern economies)

I Technology
I How to combine resources to produce as much as possible

I More e�icient ba�ery factory means you can produce more EVs with the same capital, labor, and
material inputs.
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The Production Function

I The main factors of production that remain are the capital stock K and the supply of labor N

You can think of this as number of workers employed, if you’re happy to assume that each person works a fixed

number of hours

I We represent the relationship between K , N , and Y with a production function

Y = F (K ,N)

I F is meant to be a very general function. All we’ve said is that there is a relationship
between the amount of output you can produce and the quantity of the inputs you use

Note: This is actually a technological relationship

I Some functions might be reasonable (or “plausible”) and others are not. We need to be
specific about what characteristics a reasonable F will have
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Production Function: Necessary Characteristics
We will need to make three key assumptions about the “shape” of the production
function:

I Assumption 1: Production is increasing in both K and N

∂F
∂K

> 0
∂F
∂N

> 0

I.e, Hiring more workers, but keeping everything else the same, should produce additional output

I Assumption 2: Diminishing marginal product of each input

∂2F
∂2K

< 0
∂2F
∂2N

< 0

Keeping the capital stock fixed, hiring your 10th worker provides less output than hiring your 1st one

I Assumption 3: Constant returns to scale

F (λK , λN) = λF (K ,N) For any λ > 0

Doubling inputs doubles output
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A specific functional form

I Let’s assume (for the next few slides) a specific functional form

F (K ,N) = 5
√
K · N

I If you have 30 units of capital and 30 units of labor, you produce 150 units of output:

F (30, 30) = 5 ·
√
30 · 30 = 150

I It turns out, this function belongs to a common family of functions called Cobb-Douglas
Production Functions which satisfy all three of our assumptions

I We can see what each assumption looks like in practice
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Assumption 1: Increasing Production in Each Input

I Let’s check that F is increasing in N

∂F
∂N

=
∂

∂N

[
5
√
K · N

]
=

∂

∂N

[
5K

1
2N

1
2

]
=

(
5
2

)
K

1
2N−

1
2

=

(
5
2

)(
K
N

) 1
2

> 0

so long as K and N are positive
The argument is exactly the same for K

I Note: ∂F/∂N is exactly the marginal
product of labor (MPL)
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Assumption 2: Diminishing marginal products
I Let’s plot the marginal product of labor

I We can check it mathematically as well

∂2F
∂N

=
∂

∂N
[MPL(K ,N)]

=
∂

∂N

[(
5
2

)
K

1
2N−

1
2

]
= −

(
1
2

)(
5
2

)
K

1
2N−

3
2

< 0

so long as N and K are positive.

I Each worker adds something, but their
marginal contribution becomes smaller

I The workers are sharing the same fixed
capital stock among as the number of
workers increases
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Assumption 3: Constant Returns to Scale
I Recall that CRS means that for any scaling

factor λ,

F (λK , λN) = λF (K ,N)

I.e, Doubling the inputs doubles the outputs

I Let’s check this for our simple example:

F (K ,N) = 5
√
K · N

F (λK , λN) = 5
√
λ2K · N = λ5

√
K · N

= λF (K ,N)

I Geometrically, if we plot the isoquants
(level sets) of the production function,
then…
I Isoquants are equi-spaced along each ray
I MRS is constant along each ray

Called radially parallel isoquants
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Why constant returns to scale (CRS)

I Let’s think about the alternatives

I Decreasing returns to scale: F (λK , λN) < λF (K ,N)

Potential Argument: Coordination costs within the firm

I Increasing returns to scale: F (λK , λN) > λF (K ,N)

Potential Arguments: Fixed costs at the firm level (overhead costs, or big machine investments)

I These both make sense at the individual firm level, but not as much for an aggregate
production function

I Only CRS is consistent with empirical regularities like a constant labor income share

I Intuition: We can always double output of a factory by building an identical factory right
next door
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production function

I Only CRS is consistent with empirical regularities like a constant labor income share

I Intuition: We can always double output of a factory by building an identical factory right
next door
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Cobb-Douglas Production Functions

I In macro, we o�en use a Cobb-Douglas production function

Y = Kα(EN)1−α

where E is the variable level of technology (how e�icient is your labor)

Note: to be consistent with Go�fries, we’re treating E as being labor augmenting, but you should be able to see
that it doesn’t ma�er if we it this way, or in the more standard way

Y = Ẽ × KαN1−α

for an appropriate definition of Ẽ . This is the more standard way of writing the production function

I Reason: consistent with empirical aggregates over time, and generally very easy to work
with

I Note: the function we just worked with was Cobb-Douglas with α = 1/2
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Cobb-Douglas has positive marginal products (Assumption 1)
Let’s do this for capital. Recall that

Y = Kα(EN)1−α 0 < α < 1; E,K ,N ≥ 0

We can see then that:

MPK =
∂Y
∂K

By definition

= αKα−1(EN)1−α Take partial derivative

= α

(
EN
K

)1−α

Collect terms by exponent

> 0 Since E,N ,K ≥ 0

(1)

Similar argument shows that

MPL = (1− α)E
(

K
EN

)α
> 0 (2)

So Assumption 1 is satisfied. Note thatMPK and MPL are both proportional to the capital/labor
ratio…
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Cobb-Douglas has decreasing marginal products (Assumption 2)

Let’s start again with capital.

∂MPK
∂K

=
∂

∂K

[
α

(
EN
K

)1−α
]

MPK from section 1

= −α(1− α)(EN)1−αKα−2 Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

Similarly, for labour:

∂MPL
∂L

=
∂

∂L

[
(1− α)E

(
K
EN

)α]
MPL from section 1

= −α(1− α)E1−αN−α−1Kα Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

so we have diminishing marginal products in each factor of production!



13/68

Cobb-Douglas has decreasing marginal products (Assumption 2)

Let’s start again with capital.

∂MPK
∂K

=
∂

∂K

[
α

(
EN
K

)1−α
]

MPK from section 1

= −α(1− α)(EN)1−αKα−2 Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

Similarly, for labour:

∂MPL
∂L

=
∂

∂L

[
(1− α)E

(
K
EN

)α]
MPL from section 1

= −α(1− α)E1−αN−α−1Kα Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

so we have diminishing marginal products in each factor of production!



13/68

Cobb-Douglas has decreasing marginal products (Assumption 2)

Let’s start again with capital.

∂MPK
∂K

=
∂

∂K

[
α

(
EN
K

)1−α
]

MPK from section 1

= −α(1− α)(EN)1−αKα−2 Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

Similarly, for labour:

∂MPL
∂L

=
∂

∂L

[
(1− α)E

(
K
EN

)α]
MPL from section 1

= −α(1− α)E1−αN−α−1Kα Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

so we have diminishing marginal products in each factor of production!



13/68

Cobb-Douglas has decreasing marginal products (Assumption 2)

Let’s start again with capital.

∂MPK
∂K

=
∂

∂K

[
α

(
EN
K

)1−α
]

MPK from section 1

= −α(1− α)(EN)1−αKα−2 Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

Similarly, for labour:

∂MPL
∂L

=
∂

∂L

[
(1− α)E

(
K
EN

)α]
MPL from section 1

= −α(1− α)E1−αN−α−1Kα Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

so we have diminishing marginal products in each factor of production!



13/68

Cobb-Douglas has decreasing marginal products (Assumption 2)

Let’s start again with capital.

∂MPK
∂K

=
∂

∂K

[
α

(
EN
K

)1−α
]

MPK from section 1

= −α(1− α)(EN)1−αKα−2 Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

Similarly, for labour:

∂MPL
∂L

=
∂

∂L

[
(1− α)E

(
K
EN

)α]
MPL from section 1

= −α(1− α)E1−αN−α−1Kα Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

so we have diminishing marginal products in each factor of production!



13/68

Cobb-Douglas has decreasing marginal products (Assumption 2)

Let’s start again with capital.

∂MPK
∂K

=
∂

∂K

[
α

(
EN
K

)1−α
]

MPK from section 1

= −α(1− α)(EN)1−αKα−2 Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

Similarly, for labour:

∂MPL
∂L

=
∂

∂L

[
(1− α)E

(
K
EN

)α]
MPL from section 1

= −α(1− α)E1−αN−α−1Kα Calculating derivative

< 0 Since E,N ,K ≥ 0 and α ∈ (0, 1)

so we have diminishing marginal products in each factor of production!



14/68

Cobb-Douglas has constant returns to scale (Assumption 3)

Recall, we want to show that F (λK , λN) = λF (K ,N) for all λ > 0, K , and N .

Just start from the definitions!

F (K ,N) = Kα(EN)1−α Definition

F (λK , λN) = (λK)α(λEN)1−α Evaluating at λK and λN

= λαλ1−αKα(EN)1−α Factoring out λ

= λF (K ,N) Substitute def of F

So, this means F has constant returns to scale!
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What determines the MPL?

I We’re o�en interested in the MPL
because it is a key determinant of
the real wage

I So what drives it? Recall…

∂Y
∂N

= (1− α)E1−α
(
K
N

)α

I Be�er Technology: if E ↑ then
MPL ↑

I Capital-Labor Ratio: If K/N ↑
then MPL ↑
Intuitively: if you have more machines per

worker, those workers will be more

productive
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50 THE LONG RUN

Fig. 2.3 The effect on the marginal product of labour (MPL) of an increase in E or K

MPL

MPL

N

product of labour is the main determinant of the real wage, so it is interesting
to ask how it is determined. Our analysis suggests the following:
• The better the technology we have, the higher is the marginal product of labour.
• The more capital we have per worker, the higher is the marginal product of
labour.

We can use the Cobb–Douglas production to derive an explicit expression for the
marginal product of labour. Since (EN)

1−α =E1−αN1−α we canwrite the production
function as follows:

Y =KαE1−αN1−α .

To find themarginal product of labour, we now treatK and E as fixed and calculate
the derivative with respect to N :

MPL=KαE1−α (1−α)N−α = (1−α)E1−α

(
K
N

)α

.

We see that if E or K increase, and N remains constant, the marginal product of
labour increases. The effect of an increase in E or K on the marginal product of
labour is illustrated in Fig. 2.3.

2.2 Goods markets and price-setting

In order to produce, firms need not only production factors and technological
knowledge. There must also be demand for their products. In this section, we
analyse demand and price-setting from the firm’s point of view. We assume that
the product market is characterized bymonopolistic competition.6

Monopolistic competition
Monopolistic competition is a theoretical market structure which has similarities
with both perfect competition and monopoly. It resembles perfect competition

6 You may find it helpful to review the chapter on monopolistic competition in your
microeconomics textbook.
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The goal of the firm

As we mentioned last week, firms and consumers have simple goals

The goal of the firm is to maximize profits:

Profits = Total revenue - total costs

The firm decides how many units to produce and sell. Should it produce and sell one more unit?
Will that lead to more profits?

Depends on:

I Marginal revenue: the extra revenue gained from producing one extra unit

I Marginal cost: the extra cost incurred from producing one extra unit

The firm will produce until marginal revenue equals marginal cost!
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Profit maximization–Intuition

What if MR > MC?
The revenue we make from producing one extra unit is greater than the cost we incur of that one
extra unit. But then we can produce more and make more profit‼

What if MR < MC?
The revenue we make from producing the last unit is smaller than the cost we incurred from
producing it. But then we should not have produced that last unit? We can make more profit by
producing less‼

What if MR = MC?
At this point, the firm can increase revenue by producing more, but the cost of doing that is
equal, so that is not tempting. It can also reduce the cost by producing less, but the loss in
revenue is equal, so that is not tempting either. The firm is at its profit maximizing point!
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Profit maximization
I Suppose we have a cost function C(Yi) and a revenue function R(Yi)

I The firm needs to decide how much output Yi to produce, so they solve the problem

max
Yi

R(Yi)− C(Yi)

I Taking first order conditions (set derivative of the objective function equal to zero), we know
that firm optimality requires:

R′(Yi)− C′(Yi) = 0

=⇒ R′(Yi)︸ ︷︷ ︸
Marginal Revenue

= C′(Yi)︸ ︷︷ ︸
Marginal Cost

I The firm produces where the marginal revenue is equal to the marginal cost in order to
maximize profits!

I We’re now going to spend some time really thinking through the relationship between
output and revenues, which is going to depend, crucially, on the assumptions we make
about the market structure of economy.
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that firm optimality requires:

R′(Yi)− C′(Yi) = 0

=⇒ R′(Yi)︸ ︷︷ ︸
Marginal Revenue

= C′(Yi)︸ ︷︷ ︸
Marginal Cost

I The firm produces where the marginal revenue is equal to the marginal cost in order to
maximize profits!

I We’re now going to spend some time really thinking through the relationship between
output and revenues, which is going to depend, crucially, on the assumptions we make
about the market structure of economy.
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What determines firm revenues?

I So far, we’ve thought through how production depends on the aggregate capital stock, and
aggregate supply of labor

I Now we turn our a�ention to the question of how revenues are determined

I This question depends on the assumptions we make about how firms compete in the
economy (institutional constraints)

I Options:

I Perfect competition (every firm is small)

No interaction between firms, and prices equal marginal cost. Good description of some commodities
markets

I Monopoly pricing (one firm)

Think patents, government licenses, natural monopolies, etc…

I We want something more realistic: Monopolistic competition
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Monopolistic Competition

I There are a large number of firms

I Each firm produces a good that is similar but not identical to the goods of the other firms, in
other words, the firms produce imperfect substitutes

I This means that each firm has some “monopoly power”

I If it raises prices the firm gets more revenue per unit (the price for each sold unit increases)

I But it will also sell fewer units, since some people will switch to a competitors’ good

I The key for each firm is their individual elasticity of demand
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Market power under monopolistic competition
Consider the perspective of one specific firm (call them firm i). Demand for firm i’s good
depends on:

I The price the firm charges for its products (Pi)

I How much other firms are charging for their products (aggregate price level P)

I Total demand in the economy (Y )

In particular, we’re going to make a specific assumption about the functional form of their
demand:

Yi = D
(
Pi
P

)
· Y

for some demand function D. Note: this doesn’t come out of thin air. This functional form can be derived from a

Dixit-Stiglitz demand system (which you’ll learn about more next year)

I We can rewrite this as:
Yi

Y
= D

(
Pi
P

)
I This says: each firm’s demand share Yi/Y depends on its relative price Pi/P
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Downward sloping demand curve

I For any fixed aggregate
price P and fixed Y , a
higher Pi leads to a
lower Yi

I Note: we’ve drawn this
curve smoothly, rather
than linearly

I We usually want to
think about iso-elastic
demand curves (since
they tend to be very
nice and easy to work
with)

Yi

P i

Demand
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Price Elasticity of Demand

I The degree of competition in the market typically depends on how elastic demand is

I How much does the firm lose in sales if it increases its price? (in percentage terms)

I The closer the substitutes that are available, the less monopoly power the firm has (i.e, the
harder it is, in terms of sales, for the firm to raise its prices)

I We will denote by η the price elasticity of demand:

η =
dYi/Yi

dPi/Pi
=

dYi

dPi

Pi
Yi

Note: I’ve implicitly assumed, by writing it as a single variable, that η is constant. This is because we’re assuming

that firm demand is iso-elastic. I.e, it has a constant elasticity no ma�er the level of demand. Again, this comes

from the Dixit-Stiglitz demand system.

I In monopolistic competition, we will assume that

−∞ < η < −1
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Price elasticity of demand

I Why is η negative?

If the price falls, demand increases. (and vice versa)

I Why is η > −∞?

In a perfectly competitive market, we would have η = −∞, because sales fall to zero if the price is raised

(infinitesimally) above market price. Our firms will have some ability to raise the price and still sell something.

I Why is η < −1?

If we had η > −1 a 1 percent increase in price leads to a loss of less than one percent in goods sold, i.e. an increase

in revenue. Moreover, since the amount produced falls, the total production cost also goes down. Thus, the firm

could just keep on increasing their prices and make more and more profit. Doesn’t make economic sense.
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Inverting the demand curve

I Instead of viewing the
level of output as a
function of price:

Yi = D(Pi)

we can view the price as
a function of how much
the firm plans to sell:

Pi = Pi(Yi)

where Pi is the price the
firm has to charge.

I This function is called
the inverse demand
function.

Yi

P i

Demand
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Total revenue and marginal revenue
I Total revenue is all the money that the firm sells it goods for. Thus, total revenue:

R(Yi) = Yi · Pi = Yi · Pi(Yi)

I How much does total revenue change if you sell one additional unit? Take the derivative
with respect to Yi !

R′(Yi)︸ ︷︷ ︸
Marginal Revenue

= Pi(Yi)︸ ︷︷ ︸
Revenue from selling

one more unit

+ Yi ·
dPi
dYi︸ ︷︷ ︸

Decrease in revenue from
lower price on all units sold

Using the product rule

= Pi(Yi) + Yi ·
dPi
dYi
· Pi(Yi)

Pi(Yi)
Multiply and divide by Pi(Yi)

=

(
1+

dPi
dYi
· Yi

Pi(Yi)

)
Pi(Yi) Collect terms

I From here on, we’re going to drop the notation Pi(Yi) and just write Pi , with the implicit
understanding that choosing Yi and choosing Pi are equivalent
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Marginal revenue
I So we now have:

R′(Yi) =

(
1+

dPi
dYi
· Yi

Pi

)
Pi

This should, this looks vaguely familiar…

I Remember the expression for the price elasticity of demand:

η =
dYi

dPi

Pi
Yi

I It turns out that if you have an iso-elastic demand function, the output elasticity of the
inverse demand function is just 1

η .

This is not obvious, and requires some work to show. You’ll be showing this in Q8 on the tutorial sheet.

I Thus, we get:

R′(Yi) =

(
1+

1
η

)
︸ ︷︷ ︸

<1

Pi

Remember that −∞ < η < −1, thus −1 < 1/η < 0
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Marginal revenue

R′(Yi) =

(
1+

1
η

)
Pi

Marginal revenue is positive, but smaller than the price.

Suppose a firm:

I . . . sells 100 units

I . . . and faces a price elasticity of demand of −2
I What happens if this firm wants to sell one more unit? (wants to increase the output by one

percent)

To be able to sell one more unit, it has to decrease its price. By how much? 1/2 percent!

So how did this increase in sales by one unit (i.e. one percent) change the revenue of the
firm?

Pi︸︷︷︸
Revenue from the
extra unit sold

− 0.005 · 100 · Pi︸ ︷︷ ︸
Loss from lowering

the price of all units sold

= (1− 0.5)Pi = 0.5Pi
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Demand curve and marginal revenue

Yi

P i

Demand
MR
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Wrapping up

I The production function is a representation of the aggregate technology–it tells us how
much can be produced with a given input

I One particularly useful function is the Cobb-Douglas

I A firm’s goal is simple: it wants to maximize profits

I In general achieved by se�ing MR = MC

I How is profit maximization achieved in our particular model where we assume monopolistic
competition?

I We analyzed the firm’s demand curve. . .

I . . . and figured out how much the firm’s marginal revenue changes if they sell one additional unit
of good

Finally, we will spend some time figuring out how the firm sets its price!
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Table of Contents
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The goal of the firm
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Taking stock

We have answered the following questions about a firm:

I What is the firm’s goal? (profit maximization!)

I How does the firm achieve its goal–in general? (MR=MC)

Then we started figuring out how profit maximization is achieved in our particular model:

I Which market structure do we assume? (monopolistic comp.)

I What does the firm’s demand curve look like? (downward sloping)

I How much does the firm’s marginal revenue change if they sell one additional unit of good?
(less than the price)

And now finally, we will figure out how the firm sets its price!
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(less than the price)

And now finally, we will figure out how the firm sets its price!
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The firm sets its price so that it maximizes profits!
I We already figured out that to maximize profits, the firm will produce so that:

R′(Yi)︸ ︷︷ ︸
Marginal Revenue

= C′(Yi)︸ ︷︷ ︸
Marginal Cost

I Moreover, we figured out that:

R′(Yi) =

(
1+

1
η

)
Pi

where η is the price elasticity of demand.

I Combining these two insights, we can write:(
1+

1
η

)
Pi = C′(Yi) =⇒ Pi =

1
1+ 1

η

C′(Yi)

I We will define
1+ µ :=

1
1+ 1

η

where µ is themark-up: how much more than the marginal cost is the firm charging for its
products. Alternatively, we say that 1+ µ is the mark-up factor
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Mark-up: an example
With a price elasticity of demand (PED) of η = −5, we get

1+ µ =
1

1+ 1
−5

=
1
0.8

= 1.25 ⇒ mark-up is 25%

With a price elasticity of demand (PED) of η = −2, we get

1+ µ =
1

1+ 1
−2

=
1
0.5

= 2.0 ⇒ mark-up is 100%

With a price elasticity of demand (PED) of η = −11, we get

1+ µ =
1

1+ 1
−11

=
1

11−1
11

=
11
10

= 1.1 ⇒ mark-up is 10%
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Mark-up and price elasticity of demand

Let’s verify if these results make economic sense.

η = −2
I If a firm has a price elasticity of demand of −2, it means that if they increase their price 1%,

the quantity they sell falls by 2%

I Thus, it is “not very costly” to charge a higher price

I The smartest price will be pre�y high

η = −11
I If a firm has a price elasticity of demand of −11, it means that if they increase their price

1%, the quantity they sell falls by 11%

I Thus, it is “pre�y costly” to charge a higher price

I The smartest price will not be as high
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Mark-ups and monopolistic competition

The mark-ups we see is an e�ect of the monopolistic competition, and reflect the degree of
competition

I The η = −11 in our example

I Is the more competitive market

I Is where the goods are be�er substitutes

I Has a lower mark-up

I We will take the level of competition, and thus the level of mark-ups, as given exogenously

I Nevertheless, we will be able to analyze how the degree of competition a�ects the economy

Pi = (1+ µ)C′(Yi)

To close this analysis, we will need to say something about how marginal costs are
determined
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Marginal cost

The marginal cost (MC) measures how much costs increase if a company produces one more unit

First of all, we have to figure out how we increase production

I For now, we are going to assume that the capital stock is given, and that we cannot adjust it

I However, what we can adjust is the amount of labour

I So to produce more, we need to hire more workers (or more hours worked by our workers)

Next, we have to figure out how much this costs us–per unit of goods produced!
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The Firm’s Cost Function
I Suppose that the firm wants to produce an output of Yi . How much will this cost them?

I Recall that:
Yi = F (Ki,Ni)

What variables do they get to choose?

I Ni : Labor can be adjusted freely

I Ki : They can’t choose the capital stock today (it was determined last period by their investment
decisions)

I Firm will choose labor to produce Yi at the lowest cost possible

Remember that cost minimization is the same as profit maximization

I Let’s write the firm’s problem, taking Ki as a given

C(Yi) =min
Ni

Wi · Ni

s.t. Yi = F (Ki,Ni)
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Deriving the marginal cost

C(Yi) =min
Ni

Wi · Ni

s.t. Yi = F (Ki,Ni)

I The constraint implies that Ni is a function Ni(Yi) since F is strictly increasing in Ni

I Now, let’s take the derivative of the constraint with respect to Yi :

1 = FK (Ki,Ni)
∂Ki

∂Yi︸︷︷︸
=0

+FN(Ki,Ni)
∂Ni

∂Yi
= FN(Ki,Ni)

∂Ni

∂Yi

I This implies that
∂Ni

∂Yi
=

1
FN(Ki,Ni)

=
1

MPL

I Finally, we can plug all this back into the original problem to find that:

C(Yi) = Wi · Ni(Yi) =⇒ C′(Yi) = Wi
∂Ni

∂Yi
=

Wi

FN(Ki,Ni)
=

Wi

MPL



42/68

Deriving the marginal cost

C(Yi) =min
Ni

Wi · Ni

s.t. Yi = F (Ki,Ni)

I The constraint implies that Ni is a function Ni(Yi) since F is strictly increasing in Ni

I Now, let’s take the derivative of the constraint with respect to Yi :

1 = FK (Ki,Ni)
∂Ki

∂Yi︸︷︷︸
=0

+FN(Ki,Ni)
∂Ni

∂Yi
= FN(Ki,Ni)

∂Ni

∂Yi

I This implies that
∂Ni

∂Yi
=

1
FN(Ki,Ni)

=
1

MPL

I Finally, we can plug all this back into the original problem to find that:

C(Yi) = Wi · Ni(Yi) =⇒ C′(Yi) = Wi
∂Ni

∂Yi
=

Wi

FN(Ki,Ni)
=

Wi

MPL



42/68

Deriving the marginal cost

C(Yi) =min
Ni

Wi · Ni

s.t. Yi = F (Ki,Ni)

I The constraint implies that Ni is a function Ni(Yi) since F is strictly increasing in Ni

I Now, let’s take the derivative of the constraint with respect to Yi :

1 = FK (Ki,Ni)
∂Ki

∂Yi︸︷︷︸
=0

+FN(Ki,Ni)
∂Ni

∂Yi
= FN(Ki,Ni)

∂Ni

∂Yi

I This implies that
∂Ni

∂Yi
=

1
FN(Ki,Ni)

=
1

MPL

I Finally, we can plug all this back into the original problem to find that:

C(Yi) = Wi · Ni(Yi) =⇒ C′(Yi) = Wi
∂Ni

∂Yi
=

Wi

FN(Ki,Ni)
=

Wi

MPL



42/68

Deriving the marginal cost

C(Yi) =min
Ni

Wi · Ni

s.t. Yi = F (Ki,Ni)

I The constraint implies that Ni is a function Ni(Yi) since F is strictly increasing in Ni

I Now, let’s take the derivative of the constraint with respect to Yi :

1 = FK (Ki,Ni)
∂Ki

∂Yi︸︷︷︸
=0

+FN(Ki,Ni)
∂Ni

∂Yi
= FN(Ki,Ni)

∂Ni

∂Yi

I This implies that
∂Ni

∂Yi
=

1
FN(Ki,Ni)

=
1

MPL

I Finally, we can plug all this back into the original problem to find that:

C(Yi) = Wi · Ni(Yi) =⇒ C′(Yi) = Wi
∂Ni

∂Yi
=

Wi

FN(Ki,Ni)
=

Wi

MPL



42/68

Deriving the marginal cost

C(Yi) =min
Ni

Wi · Ni

s.t. Yi = F (Ki,Ni)

I The constraint implies that Ni is a function Ni(Yi) since F is strictly increasing in Ni

I Now, let’s take the derivative of the constraint with respect to Yi :

1 = FK (Ki,Ni)
∂Ki

∂Yi︸︷︷︸
=0

+FN(Ki,Ni)
∂Ni

∂Yi
= FN(Ki,Ni)

∂Ni

∂Yi

I This implies that
∂Ni

∂Yi
=

1
FN(Ki,Ni)

=
1

MPL

I Finally, we can plug all this back into the original problem to find that:

C(Yi) = Wi · Ni(Yi) =⇒ C′(Yi) = Wi
∂Ni

∂Yi
=

Wi

FN(Ki,Ni)
=

Wi

MPL



42/68

Deriving the marginal cost

C(Yi) =min
Ni

Wi · Ni

s.t. Yi = F (Ki,Ni)

I The constraint implies that Ni is a function Ni(Yi) since F is strictly increasing in Ni

I Now, let’s take the derivative of the constraint with respect to Yi :

1 = FK (Ki,Ni)
∂Ki

∂Yi︸︷︷︸
=0

+FN(Ki,Ni)
∂Ni

∂Yi
= FN(Ki,Ni)

∂Ni

∂Yi

I This implies that
∂Ni

∂Yi
=

1
FN(Ki,Ni)

=
1

MPL

I Finally, we can plug all this back into the original problem to find that:

C(Yi) = Wi · Ni(Yi) =⇒ C′(Yi) = Wi
∂Ni

∂Yi
=

Wi

FN(Ki,Ni)
=

Wi

MPL



42/68

Deriving the marginal cost

C(Yi) =min
Ni

Wi · Ni

s.t. Yi = F (Ki,Ni)

I The constraint implies that Ni is a function Ni(Yi) since F is strictly increasing in Ni

I Now, let’s take the derivative of the constraint with respect to Yi :

1 = FK (Ki,Ni)
∂Ki

∂Yi︸︷︷︸
=0

+FN(Ki,Ni)
∂Ni

∂Yi
= FN(Ki,Ni)

∂Ni

∂Yi

I This implies that
∂Ni

∂Yi
=

1
FN(Ki,Ni)

=
1

MPL

I Finally, we can plug all this back into the original problem to find that:

C(Yi) = Wi · Ni(Yi) =⇒ C′(Yi) = Wi
∂Ni

∂Yi
=

Wi

FN(Ki,Ni)
=

Wi

MPL



42/68

Deriving the marginal cost

C(Yi) =min
Ni

Wi · Ni

s.t. Yi = F (Ki,Ni)

I The constraint implies that Ni is a function Ni(Yi) since F is strictly increasing in Ni

I Now, let’s take the derivative of the constraint with respect to Yi :

1 = FK (Ki,Ni)
∂Ki

∂Yi︸︷︷︸
=0

+FN(Ki,Ni)
∂Ni

∂Yi
= FN(Ki,Ni)

∂Ni

∂Yi

I This implies that
∂Ni

∂Yi
=

1
FN(Ki,Ni)

=
1

MPL

I Finally, we can plug all this back into the original problem to find that:

C(Yi) = Wi · Ni(Yi) =⇒ C′(Yi) = Wi
∂Ni

∂Yi
=

Wi

FN(Ki,Ni)
=

Wi

MPL



43/68

Marginal cost: Intuition

I How much does the extra worker we hire produce?

I Depends on how productive that extra worker is

I How do we measure the productivity of one additional (marginal) worker?

I By the MPL, the marginal product of labour!

Assume that the MPL is 5 units (one additional worker produces 5 units of goods)

How much do we have to pay this worker? The wage. Say it is £10.

What is then the cost for producing one more unit? (£/unit)

MC =
1
5
· 10 = 2
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Marginal cost and market price charged
I Now we can finally go back to the price the firm will charge!

I We showed that to maximize profits, firm i will choose the price Pi such that:

Pi = (1+ µ)C′(Yi)

I But now we know what the marginal cost is, so we get, for every individual firm i

Pi = (1+ µ)
Wi

MPLi

I How do we go from the individual firm level back up to the aggregate price?

I Recall our assumption: All firms are identical! So that means that if this is the solution
for one firm, it is the solution for all firms

P = (1+ µ)
W
MPL

This aggregation is tricky – it relies on the fact that we have CRS, so MPLi = MPL
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Understanding marginal cost for our Cobb-Douglas case

Remember from that we o�en use the Cobb-Douglas production function:

Y = Kα(EN)1−α, 0 < α < 1; K , E,N > 0

⇒ MPL = (1− α)KαE1−αN−α

MPL: measures how much production increases per additional worker

How does MPL behave as N , K , or E vary?

I The more N the lower is MPL

I The more K the higher is MPL

I The higher E the higher is MPL
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Price level for our Cobb-Douglas case

P = (1+ µ)
W
MPL

=
1+ µ

1− α
· W
KαE1−αN−α

=
1+ µ

1− α
· W
E1−α

(
K
N

)−α
The price level P depends on:

+ mark-ups

+ wage level

- be�er technology (lowers the marginal cost)

- capital per worker (lowers the marginal cost)
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Summarizing price se�ing
We have now finally figured out how the firm sets its price

I The firm maximizes profits by se�ing MR = MC

I With a monopolistic competition market structure, the marginal revenue is a fraction of the
price:

MR =

(
1+

1
η

)
Pi

I Given a fixed amount of capital, the marginal cost is

MC = W/MPL

I Thus, pu�ing it all together:

P = (1+ µ)
W
MPL

where 1+ µ :=
1

1+ 1
η

I And if we assume a Cobb-Douglas production function (which we do!) we can be even more
specific
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The natural level of production
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The natural level of production

I Last few lectures we have been thinking as a firm, figuring out how the production function
works, and how the firm sets its price

I Now it is time to consider what determines production in the economy as a whole

I Production in the economy is determined by:

I The amount of capital (K )

I The amount of workers (N)

I The technology available (E)

I At any one point in time, K and E are given (determined by historical actions that we will
analyze in Block 2)

I Key�estion: What determines N?
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What determines N?

L The labor force (which we take as
given)

u The unemployment level (U/L)

N Number of workers, employment

  

Population
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Figure: US Labor Force Participation since 1950 (+16)
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What determines N?

L The labor force (which we take as
given)

u The unemployment level (U/L)

N Number of workers, employment

  

Population
Labour force (L) Outside the labour force

The employed (N)

The unemployed (U)



52/68

Unemployment across space
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Unemployment across time

Source: Organization for Economic Co-operation and Development fred.stlouisfed.org
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Figure: Source: h�ps://fred.stlouisfed.org/
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Even in good times there is some unemployment

Some reasons for ongoing unemployment:

I Search frictions

I Unemployment insurance

Natural rate of unemployment: un

I Later in the course, you will discuss that there is some “normal” or “long-run equilibrium”
level of unemployment

I For now, we just take it as given

I Loosely speaking: on average, unemployment is at this level
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Natural level of production

Production when N = (1− un)L = Nn

(given the capital stock and the technology level):

Y n = F (K , E(1− un)L)

The natural level of production today depends on:

K Amount of capital (+)

E Technology level (+)

L Size of labour force (+)

un Natural rate of unemployment (-)
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Natural level of production

You will later in the course discuss what could change the natural level of production in the
longer run:

I Growth in technology and capital

I Changes in un (can be a�ected by policy!)

In the shorter run, we take the natural level as given, but unemployment and production might
deviate from their natural levels.

I The natural level of production is the reference point around which the economy fluctuates

I Helps us analyze business cycles!
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Labour’s share of income

Now we have figured out production, and its “natural level”

I In a closed economy, production = income
(remember Week 1?)

I Who gets the income?

I We have three types of income:

I Labour income (wages)

I Capital income (returns to the owners of buildings, machinery, etc)

I Pure profits (economic rents to the owners of the monopoly power)

I Let us start thinking about the labour income
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The simplest case

First, think about the absolutely simplest case: a world with no markups, no di�erence between
real and nominal, and a Cobb-Douglas production function:

Y = KαN1−α

In this simple world, the (real) wage is equal to the marginal product of labour, MPL .

W = MPL = (1− α)KαN−α

How large is the total wage bill?

WN = (1− α)KαN−αN = (1− α)Y

i.e. a constant fraction of output!
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The simplest case

How large is the capital share of income? It must be the remaining part of GDP:

Capital income = Y − (1− α)Y = αY

Or, we can think about it as the rental rate of capita (the remuneration or payment to the
capital) times the amount of capital:

MPK = αKα−1N1−α

MPK · K = αKα−1N1−αK = αY
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Our slightly more complicated case

In the simplest case, we concluded that α is the key parameter that decides the labour share of
income and the capital share of income.

α Measures the importance of capital vs. labour in the production function (elasticity of
output with respect to capital)

What is the di�erence in our case?

I We have monopolistic competition, so we have markups

I We have a price level (di�erence between nominal and real)

Let’s see what happens in our model!
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The real wage

Workers don’t (or shouldn’t) care about the nominal wage. What is important is the real wage:
the wage expressed in purchasing power, i.e. how much you can buy for your wage.

We have already figured out the price equation:

P = (1+ µ)
W
MPL

Rearranging this, we immediately see the real wage:

W
P

=
MPL
1+ µ



63/68

Some quick observations about the real wage

W
P

=
MPL
1+ µ

I Increasing in MPL, decreasing in markups

I If we had zero markups (i.e. perfect competition) it would have been exactlyMPL

Remember that with Cobb-Douglas production we have MPL = (1− α)Y/N :

W
P

=
1− α
1+ µ

· Y
N

The real wage is a (constant) fraction of GDP per worker!
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Distribution of income

W
P

=
1− α
1+ µ

· Y
N

We can rearrange this:
WN
PY

=
1− α
1+ µ

WN Total (nominal) labour income

PY Total (nominal) production

Thus, we have found the labour share of income!

We can also think about it as (WN)/P
Y , the real total wage bill as a share of real GDP.
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Labour share of income

WN
PY

=
1− α
1+ µ

What does the labour share of income depend on?

α The importance of capital in the production process

µ The level of markups (which depends on the level of competition)

What does it not depend on?

K The amount of capital

N The amount of labour

E The current level of technology

We normally think that both α and µ are relatively stable over time and relatively similar across
countries.

Then the labour share of income should be constant�
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Labour share of income

Distribution of income: Wage share
 

Figure: Source: Go�fries textbook

One reason why we like the Cobb-Douglas production function!
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Summing up

This week we have figured out the supply side of the economy:

I How much can be produced?

I What determines the prices? (P and W )

Remember Week 1: we can view GDP from three perspectives:

X Production side

X Income side

I User side

Next week, we will turn to the demand side (user side): who uses the goods produced?
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end for today
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